In general, long combination vehicles (LCVs) show poor performance with regard to stability, and this has been the focus of many studies around the world. Some characteristics such as the suspension topology, tyres, chassis and fifth wheel have been analysed, separately, to determine their influence on the vehicle stability calculation. Most vehicle stability models are developed in two dimensions, and they do not consider the longitudinal aspects of the vehicle and the road such as the stiffness of the chassis, the gravity centre location and the longitudinal slope angle of the road. In this context, the aim of this study was to develop a three-dimensional mechanism model of the trailer to represent all of these characteristics and their influence on the lateral stability.
Introduction
The stability of long combination vehicles (LCVs) has been the focus of research efforts in recent decades. A variety of measurements has been defined to parameterise the stability of LCVs. The SRT is one of the most important parameters used to define the stability of vehicles. This factor is highly dependent on the location of the vehicle centre of gravity (CG), and it represents the maximum lateral acceleration -a y (expressed in terms of gravity acceleration -g) in a quasi-static situation immediately before one tyre loses contact with the ground (Winkler, 1987; Gillespie, 1992; Hac, 2002) .
In relation to this aspect, to calculate the SRT factor of the last trailer many characteristics must be considered. Several researchers have considered the influence of the suspension and tyres on the lateral and vertical CG location, which affects the vehicle behaviour (Gillespie, 1992; Hac, 2002; Rill, 2011) . Winkler (2000) and Rill (2011) reported that the chassis has a significant torsional compliance, which would allow that its front and rear parts roll almost independently. In this regard, Kamnik et al. (2003) reported that lateral load transfer (LLT) is different for each axle of the trailer.
Another important issue is the research related to the rearward amplification (RA). Under this condition, the last trailer of the LCV has a high lateral acceleration compared with the tractor unit. For this reason, the last trailer of LCVs is the critical unit and it is prone to rollover (Jindra, 1966; Rempel, 2001; Melo, 2004) .
In our previous research (Moreno et al., 2015 (Moreno et al., , 2016a , we analysed the last trailer of LCVs, and reported that the SRT factor represents a three-dimensional phenomenon, and that longitudinal parameters and LLT play important roles in relation to the SRT factor calculation.
Other researchers have described that the bank angle and the longitudinal slope of the road also influence the SRT factor calculation (Chang, 2001; AASHTO, 2003; Woodrooffe et al., 2010) .
Following the methodology developed in our previous work (Moreno et al., 2015 (Moreno et al., , 2016a (Moreno et al., , 2016b , we developed a three-dimensional simplified model that considers different characteristics of trailer, and the road, such as: the suspension, tyres, fifth-wheel (FW), chassis, bank angle, longitudinal slope angle and trailer/trailer angle, to calculate the three-dimensional SRT factor for a trailer in different situations.
There are several methodologies, which allow us to obtain a complete static analysis of the mechanism; however, in this paper the formalism described by Davies (1983a) is used as the primary mathematical tool to analyse the mechanisms statically. The Davies method appears in many publications and further details regarding its use can be found in the literature (Davies, 1983a; Tsai, 1999; Erthal, 2010; Mejia et al., 2013; Moreno et al., 2015 Moreno et al., , 2016a Moreno et al., , 2016b . The Davies method was selected since it allows the static model for the mechanism to be obtained in a straightforward manner and it is also adapted using this approach.
The paper is organised as follows. Section 2 introduces the mechanism of the three-dimensional trailer model with the characteristics mentioned earlier; Section 3 presents the static analysis of the proposed model; the results presented in Section 3 are analysed and discussed within a case study in Section 4; and finally, conclusions are drawn in Section 5.
Mechanism model
Taking into consideration that the last trailer of LCVs is the critical unit, the model of trailer is simplified (Figure 1) , and a mechanical system that represents this unit is developed (Figure 2 ). Mechanical systems can be represented by kinematic chains composed of links and joints, which facilitates their modelling and analysis (Kutzbach, 1929; Crossley, 1964; Tsai, 2001) . Using mechanism theory, a three-dimensional model that represents the last trailer is proposed (Figure 2 ). More details concerning the developed model are contained in the technical report to this paper, which includes the modelling and analysis of the trailer model (Moreno et al., 2016c) . The model is composed of three mechanisms:
• the first mechanism is located at the front of the trailer and is composed of sub-mechanisms that represent the tyres (tyres system), the suspension (rigid suspension system) and the fifth-wheel (fifth-wheel system -FW)
• the second mechanism is located at the rear of the trailer, and is composed of sub-mechanisms that represent the tyres (tyres system) and the suspension (rigid suspension system)
• the third mechanism represents the trailer body (chassis), and links the front and rear trailer mechanisms.
The tyres, suspension, fifth-wheel and chassis are directly responsible for the CG movements. These movements are dependent on the forces acting on the centre of gravity (CG) of the vehicle, such as weight (W), disturbances forces imposed by the ground and lateral inertial force (ma y ) when the vehicle is making a turn or an evasive manoeuvre. During cornering or evasive manoeuvres, the weight and the lateral inertial force acting on the centre of gravity cause its displacement, which can lead to vehicle rollover. The kinematic chain of the trailer model (Figure 1(b) ) is composed of 28 joints (j = 28; 14 -revolute joints 'R', 10 -prismatic joints 'P', 2 spherical joints 'S' and 2 spherical slider joints 'S d ') and 23 links (n = 23).
Static analysis of the mechanism
Several methodologies allow us to obtain a complete static analysis of a mechanism. In this study, the formalism presented by Davies (1983a) was used as the primary mathematical tool to analyse the mechanisms statically. The Davies method appears in many publications in the literature and further details regarding its use can be found in Davies (1983a Davies ( , 1993b Davies ( , 2000 , Tsai (1999) , Erthal (2010) , Mejia et al. (2013) and Moreno et al. (2015 Moreno et al. ( , 2016a Moreno et al. ( , 2016b . The Davies method was selected because it offers a straightforward way to obtain a static model of the mechanism, and this model can be easily adapted using this approach.
The Davies method provides a systematic way to relate the joint forces and moments in closed kinematic chains (Cazangi, 2008) . This method is based on graph theory, screw theory and the Kirchhoff cut-set law. It can be used to obtain the statics of a mechanism as a matrix expression (Cazangi, 2008) . The Davies method for static analysis can be briefly described through the following steps:
6 Write a wrench $ Jλ;c for each constraint and external force of the mechanism as follows:
where λ is the degrees of freedom of the space in which the mechanism is intended to move.
Screw theory of the mechanism
Screw theory enables the representation of the instantaneous position of the mechanism in a coordinate system (successive screw displacement method) and the representation of the forces and moments (wrenches), replacing the traditional vector representation.
Method of successive screw displacements of the mechanism
In the kinematic model for a mechanism, the successive screws displacement method is used (Tsai, 1999; Lee, 2001; Erthal, 2010; Moreno et al., 2015 Moreno et al., , 2016a Moreno et al., , 2016b Table 1 , l 13 is the distance between the fifth-wheel and the front axle, l 1, 2, 7, 8 are the dynamic rolling radii of tyres, t 1,3 are the front and rear track widths of the trailer, respectively, t 2,4 are the front and rear axles widths of the trailer, respectively, b is the lateral separation between the springs, b 1 is the fifth-wheel width, d 1 is the offset of the cargo, θ i is the revolution joint angle rotation i, l 3,4,9,10 are the instantaneous height of the leaf spring, L is the wheelbase of the trailer, a is the distance from the front axle to the centre of gravity, l 12 is the height of the CG above the chassis and ψ is the trailer/trailer angle. 
The tests of the three-dimensional model were conducted using two loading conditions: load laterally centred and load with CG displacement; for these reasons the position of the centre of gravity includes a small lateral displacement (d 1 ). The method of successive screw enables the determination of the displacement of the mechanism and the instantaneous position vector s 0i = [s 0ix s 0iy s 0iz ]
T of the joints and the centre of gravity.
Wrench -forces and moments
In the static analysis, all forces and moments of the mechanism are represented by wrenches ($ A ) according to equation (2).
where s 0i is the instantaneous position vector of the reference point i related to the inertial reference point of the mechanism, s i is the wrench orientation vector of the constraints i, F i is the constraint force applied on joint i, and M i is the constraint moment applied on joint i of the mechanism. In a more compact form, the wrench can be represented by equation (3).
where $ A is the normalised wrench and Ψ is its magnitude. The proposed model ( Figure 7 ) represents a trailer model making a turn. To simplify the model, the following considerations were made:
• for the x direction, a steady-state model was used in the analysis
• disturbances imposed by the road and lateral friction forces (F y ) (tyre-ground contact) in joints 3 and 19 were neglected
• the total weight of the trailer (W), the inertial force (ma y ), the tyre normal load F Ti , the spring normal load F LSi , fifth-wheel normal load F FWi , and the passive torsional moment T xi are the only forces acting in the model. 
where P x is the force acting on the x-axis, P y is the force acting on the y-axis and P z is the force acting on the z-axis. Considering a static analysis in a three-dimensional space (Tsai, 2001) , the corresponding wrenches of each joint and external forces are defined by the parameters in Table 2 , where s i represents the orientation vector of each wrench i. Revolute joints 1, 7, 8, 10, 13, 14, 16, 17, 23, 24 , 7, 8, 10, 13, 14, 16, 17, 23, 24 and 26 F yi 0 1 0 4, 6, 9, 12, 15, 18, 20, 22 and 25 , 4, 6, 9, 12, 15, 18, 20, 22 and 25 
All of the wrenches of the mechanism together comprise the action matrix [A d ] given by equation (7). More details concerning the developed model are contained in the technical report (Moreno et al., 2016c) [ ]
The wrench can be represented by a normalised wrench and a magnitude (equation (3)). Therefore, from equation (7), the unit action matrix and the magnitude action vector are obtained as represented by equations (8) and (9).
[ ]
Graph theory
Kinematic chains and mechanisms are composed of links and joints, which can be represented in a more abstract approach by graphs, where the vertices correspond to the links and the edges correspond to the joints and external forces (Crossley, 1964; Tsai, 2001 ). Figure 9 shows the direct coupling graph, which represents the mechanism of Figures 3 and 4. The graph has 23 vertices (links) and 31 edges (joints and external forces (P x , P y and P z )). The direct coupling graph (Figure 9 ) can be represented by the incidence matrix [I] 23×31 (Davies, 1995) . The incidence matrix provides the cut-set matrix [Q] 22×30 (Davies, 1995; Erthal, 2010; Moreno et al., 2015 Moreno et al., , 2016a Moreno et al., , 2016b for the mechanism, where each line represents a cut graph and the columns represent the joints and the external forces. In addition, this matrix is rearranged, allowing 22 branches (edges 1-3, 5-9, 11-15, 17-19, 21-25 and 27 -identity matrix) and 9 chords (edges 4, 10, 16, 20, 26, 28, P x , P y and P z ) to be defined as shown in Figure 10 . All of the constraints are represented as edges. This allows the amplification of the cutset graph and the cut-set matrix. Additionally, the tyre normal load (F T2,4,18,20 ), the spring normal load (F LS6, 9, 22, 25 ), the fifth-wheel normal load (F FW12, 15 ) and the passive torsional moment (T x5,11,21,27,28 ) are included. Figure 10 presents the cut-set action graph and [Q] 22×148 presents the expanded cut-set matrix, where each line represents a cut of the graph, and the columns are the constraints of the joints as well as external forces acting on the mechanism. More details concerning the developed model are contained in the technical report (Moreno et al., 2016c) .
Equation system solutions
Using the cut-set law (Davies, 2000) , the algebraic sum of the normalised wrenches (equations (8) and (9)) that belong to the same cut [Q] 22×148 (Figure 10 ) must be equal to zero. Thus, the statics of the mechanism can be defined as exemplified in equation (10) 
It is necessary to identify the set of primary variables [Ψ p ] (known variables), among the variables of Ψ, starting from the system in equation (10). Once identified, the system is rearranged and divided into two sets as shown by equation (11).
[ Ψ 0 A are the columns corresponding to the secondary variables.
In this case, the primary variable vector is: 
Solving the system in equation (11) 
where P 1 is a system variable ( ) 
According to the static redundancy problem known as the four-legged table described by Heyman (2008) , a plane is defined by just three points in space and, consequently, a four-legged table has support plane multiplicities. This is why when one leg loses contact with the ground, the table is supported by the other three as shown in Figure 11 . Applying this theory to the vehicle stability, and considering the chassis flexibility, fifthwheel, suspension, tyres and the trailer/trailer angle when a trailer model makes a horizontal curve, the model is subjected to an increasing lateral load until it reaches the rollover threshold. During the turning, the rear inner tyre is normally the one which loses contact with the ground. For this condition F z19 = 0, and thus:\ ( ) 
where 3 SRT D ψφϕ is the three-dimensional static rollover threshold (SRT) for a trailer model with the trailer/trailer angle (ψ), bank angle (e) and grade angle (φ).
To simplify the solution of the system of equations in equation (11), the following hypotheses were considered:
• the load of the trailer is uniformly distributed on the front and rear axles
• the LLT of the trailer model is controlled through the torsional moment of the chassis (spherical joints 27 and 28).
The system of equations (11) is amplified with the equations of the hypothesis considered as shown in equation (17). Solving the system equation (17) using the Gauss-Jordan elimination method, all secondary variables being function of the primary variables (P x -force acting on the x-axis, P y -force acting on the y-axis and P z -force acting on the z-axis). More details concerning the developed model are contained in the technical report (Moreno et al., 2016c 
4 Case study
In this study, a trailer of a B-train with two axles on front and three axles on rear is analysed. In this model, a suspension system with a tandem axle is used and the suspension parameters are dependent on the construction materials. Harwood et al. (2003) reported that the range of values for the stiffness of the suspension per axle is k Ls = 1500-2400 kN.m -1
. Another important parameter is the dynamic rolling radius or loaded radius l i . The proposed model considers Michelin XZA® (Michelin, 2013) radial tyres with dynamic rolling radius l i = 0.499 m. Table 3 shows the parameters of the trailer used in this analysis (Ervin and Guy, 1986 ).
The simulation model was applied using MATLAB®. To calculate the SRT factor, the inertial force is increased until the LLT in the rear axle is complete (the entire load is transferred from the rear inner tyre to the rear outer tyre when the model makes a turn). The reduction in the SRT factor (equations (15), (16) and the solution of the system matrix of equation (17)) results from the combined action of the trailer systems, which allows a body roll angle of θ all = θ 17 + θ 21 + θ 23 + θ 27 = 5.8 as shown in Figure 12(a) .
The example shows a trailer with relatively low stability, whose SRT rv factor for a rigid model is 0.4511 g. In the second stage, the proposed model considers the tyres, which can reduce the SRT t factor by around 6%. In the third stage, the model considers the tyres and suspension systems, reducing the SRT ts factor to 0.3792 g. In the fourth stage, the model considers all systems (tyres, suspension, fifth-wheel and flexibility of the chassis). According to Kamnik et al. (2003) when a trailer model makes a spiral manoeuvre, the LLT coefficient on the front axle is approximately 70% of the LLT coefficient on the rear axle. Applying this concept, the SRT all factor reduces to 0.3364 g. Finally, the proposed model shows how the lateral offset of the cargo (d 1 = 0.1 m) influences the SRT off factor: 2 cm of lateral offset corresponds to a loss of stability of around 0.01 g (a reduction similar to that reported by Winkler (2000) ). Number of axles at the front (trailer) (4 tyres per axle) 2
Number of axles at the rear (trailer) (4 tyres per axle) 3
Vertical stiffness per tyre (k T ) (Harwood et al., 2003) Additionally, the proposed model shows how a change in the lateral separation between the springs (b) influences the SRT factor. Some LCVs with tanker trailers have a greater lateral separation between the springs, which leads to a decrease in the roll angle and thus an increase in the SRT factor: 1 cm of lateral separation between the springs corresponds to an increase or loss of stability of around 0.001 g as shown in Figure 12(b) . This model also allows the determination of the lateral (h 1 -the instantaneous lateral distance between the zero-reference frame and the centre of gravity -as shown in Figure13(a)) and vertical (h 2 -the instantaneous CG height -as shown in Figure 13(b) ) CG location. Finally, if we consider the recommended maximum LLT ratio for the rear axle of 0.6 (Woodrooffe et al., 2010; Walker and Pearson, 1987) , and also include the recommended bank angle and longitudinal slope of the road (AASHTO, 2001 (AASHTO, , 2003 , we can calculate the SRT factor for a trailer model on downhill and uphill corners. Table 4 shows a trailer model with different trailer/trailer angles (ψ).
In the worst-case scenario, the trailer model, for a downhill corner with a bank angle of 0%, longitudinal slope of the road of 8% and a trailer/trailer angle of 20°, can reduce the SRT factor of the model by 59.6%, using 0.4511 g as a reference.
An analysis of Table 4 leads to the following conclusions for the critical conditions of the trailer:
• a 1% bank angle corresponds to a gain in stability of around 0.01 g
• when the trailer is in downhill corners, a 1% slope angle corresponds to a loss of stability of around 0.0021 g
• the trailer/trailer angle is inversely proportional to the SRT factor since when the trailer makes a horizontal curve with a small radius and the trailer/trailer angle and inertial force are large, the SRT factor is smaller. 
Conclusions
The results of this study demonstrate that the longitudinal characteristics of a trailer model have an important influence on the SRT factor calculation. In this case, the SRT factor is approximately 38% lower than the previously reported standard value. This value is very close to that reported by Winkler (2000) (i.e., 40%), which suggests that the proposed model provides consistent results. This model also shows that the change in the lateral separation between the springs (b) plays an important role and thus it should be considered in the design and construction of trailers. A greater lateral separation between the springs will increase the trailer model stability.
We also found that the parameters of the road, such as the bank angle and the longitudinal slope angle, can affect the vehicle stability. This situation is closer to the actual problem: when the road is not planar, the lateral and the longitudinal load transfer play an important role in reducing the stability. On the other hand, this provides a very important warning, because some simplifications carried out when estimating the SRT factor can lead to a considerably higher stability value. This is a point of concern, leading to the perception that our roads are safer than they really are.
